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Abstract. Explainable artificial intelligence (XAI) is essential for critical do-
mains such as healthcare and autonomous systems to build trust and confidence in
real-world deployment. In this context, description logic knowledge bases (KBs)
provide structured and semantically rich representations that support reasoning
and informed decision-making. A core task in applying KBs to XAl is class
expression learning (CEL), which generates explainable logical descriptions for
classifying instances within KBs. Unlike black-box models with opaque internal
mechanisms, CEL provides global explainability and ease of integration with do-
main knowledge. However, current approaches to CEL face significant limitations
such as poor scalability, failure to capture rare patterns, and limited exploration of
the vast class expression search space. To overcome these limitations, we intro-
duce LYRA, a novel multi-agent deep reinforcement learning framework that for-
mulates CEL as a collaborative planning task under uncertainty. The integration
of the Dempster—Shafer theory enables agents to effectively reason under ambi-
guity and manage conflicting or inconsistent information. Our experiments show
that LYRA outperforms state-of-the-art methods on seven out of eight datasets,
demonstrating robust and scalable CEL. Additionally, LYRA offers interpretable
decisions and employs advanced search strategies, enabling the discovery of more
precise and expressive class expressions than existing approaches.

Keywords: Explainable Artificial Intelligence - Description Logics - Deep Rein-
forcement Learning.

1 Introduction

One significant challenge associated with artificial intelligence (Al) is its limited ex-
plainability. This poses a critical obstacle in high-stakes domains such as healthcare
and autonomous driving, where transparent decision-making is essential. For instance,
graph neural networks (GNNs) are employed to classify nodes for tasks like predicting
potential drug candidates [7] or forecasting material properties in materials design [33].
However, the reasoning behind their predictions remains largely opaque to humans.
Moreover, debugging such models for error correction is non-trivial, particularly at
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scale. Description logics (DLs) [L1L2] offer a formal foundation for structured knowledge
representation and reasoning. In this context, class expression learning (CEL) is the task
of automatically identifying a DL concept that effectively distinguishes between posi-
tive and negative individuals within a given DL knowledge base (KB). CEL has been
studied extensively, with numerous methods proposed to address it. One major line of
work formulates CEL as a search problem over an infinite, quasi-ordered space of class
expressions [4]. This search is guided by a so-called refinement operator [17I15] and
steered by a heuristic function to converge on a suitable solution. Alternatively, many
algorithms rely on pre-trained models [12]], which can facilitate faster convergence but
constrain the search space and risk overlooking class expressions during training. Other
approaches are based on knowledge graph (KG) traversal [3l]. However, the effective-
ness of such approaches can vary with the structure of the underlying KG. For example,
some methods struggle with scalability on large KGs [8], while others underperform on
smaller ones [[11]].

The objective of this work is to develop a solution to CEL with an interpretable
reasoning process, enabling domain experts to validate its predictions. To this end, we
enhance multi-agent deep reinforcement learning (MADRL) by integrating belief func-
tion theory (BFT) [32], which augments both the expressiveness and the predictive
control of agents’ decision-making. We propose LYRA, a novel approach that formu-
lates CEL as a planning task and sequentially generates class expressions by combining
BFT with MADRL. LYRA is distinguished from prior work in the following aspects:
(1) In contrast to neural-based approaches, LYRA learns from its own experience, omit-
ting the need of large training KGs. (2) Unlike traversal-based methods that degrade
on large KGs and neural models that underperform on small ones, LYRA is empirically
robust to KG size and topology. (3) The integration of BFT enables predictive control
in decision-making through its combination rules and improves the interpretability of
agent actions. (4) Leveraging the properties of BFT combination rules, LYRA preserves
complete evidential information during updates, ensuring stability in sparse or noisy
ontological environments and enhancing the sample efficiency of LYRA.

A summary of our contributions is as follows:

— We propose a solution to CEL in terms of planning. To the best of our knowledge,
this approach to CEL has not been considered before. LYRA achieves this by ap-
plying MADRL, allowing adaptive and experience-driven concept discovery.

— LYRA is the first approach to integrate MADRL with BFT to solve CEL for the DL
ALCQO(D), opening further research directions within Al planning and CEL.

— We present an extensive experimental evaluation of LYRA against state-of-the-art
models over eight datasets of varying sizes.

Code and supplementary material are available at: https://github.com/lyrdI/LYRA. The
remainder of this paper is organized as follows. We begin by reviewing related work
on various CEL methodologies based on different classes of approaches in Section 2]
Next, in Section [3] we introduce the necessary background concepts and terminology
to support a clear understanding of the proposed method. We then present our approach
in Section ] The experimental setup and evaluation results are discussed in Section 5]
Finally, we conclude the paper and present some of our future work ideas in Section [6]
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2 Related Works

Search-based approaches represent the earliest attempts at CEL. DL-LEARNER [17]
utilizes refinement operators to traverse the subsumption hierarchy C in the descrip-
tion logic (ALC Q). However, the operator’s inherent (infinite) size necessitates itera-
tive horizontal expansion and redundancy checks, limiting its scalability. DL-FOC [23]]
performs the exploration of the conceptual search space under the open-world assump-
tion. The authors incorporate strategies like lookahead, repeated hill-climbing, and tabu
search meta-heuristics to overcome the limitations of traditional hill-climbing methods.
However, this exhaustive search is prone to overfitting and high runtimes. In most cases,
search-based approaches are infeasible in terms of both time complexity and scalabil-
ity [12] due to the sheer size of the search space.

Evolutionary Algorithms (EA)-based approaches [29] are another class of tech-
niques for the CEL problem, first proposed in [14] for DLs. This study combined genetic
programming with refinement operators for learning class expressions. These opera-
tors are transformed into stochastic genetic refinement operators that choose between
specialization and generalization based on the explored expressions. Nevertheless, this
approach faces severe issues regarding the runtime complexity; for example, it needed
950 seconds for a population of 700 expressions. Another promising approach, Ev-
OLEARNER [8], is widely regarded as state-of-the-art. It initializes the population by
generating candidates through a biased random walk starting from positive examples.
Yet, it lacks robustness and generality across complex or noisy KBs.

Recently, more advanced neural-based approaches have been introduced. For ex-
ample, NCES?2 [11]] begins by generating a training dataset to fit the model and employs
the Set Transformer [[13]] to encode positive and negative examples. NCES2 maps high-
dimensional latent representations directly to symbolic expressions, which complicates
optimization and limits the model’s capacity to generate novel expressions that substan-
tially diverge from those seen during training.

Deep reinforcement learning (DRL) is another line of work within the CEL set-
ting. DRILL [6] integrates deep g-networks (DQN) [20] with symbolic refinement-based
search in DLs. It overcomes the myopic behavior of traditional heuristic functions by
learning a non-myopic heuristic that estimates cumulative discounted rewards for state
transitions, enabling efficient navigation through the quasi-ordered space of class ex-
pressions. However, DQN suffers from sample inefficiency and slow convergence [9].

In parallel, sampling-based approaches have also been explored. Baci and Hein-
dorf [3]] addressed the problem by first generating a reduced KG using both classical
sampling methods (e.g., random node/edge selection, walks, and forest-fire) and task-
specific, problem-centered variants. Yet, their sampling strategy relies mainly on graph
topology, overlooking logical axioms and limiting semantic representation. Moreover,
the stochastic nature of sampling methods often results in output inconsistency.

3 Preliminaries

We next present essential background concepts for a smoother reading of the remainder
of the paper. Additional background material is included within the Approach section,
where it naturally supports the context for more clarity.
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Table 1: Syntax & semantics for ALCQ concepts. Z denotes an interpretation with
domain AZ. D is the set of data values (strings, numbers, Booleans, etc).

Construct Syntax  Semantics
Atomic concept A AT Cc AT
Atomic role T r - AT x AT
ALC
Top concept T AT
Bottom concept 1 0
Negation -C AT\ ¢t
Conjunction cnb c¢Tnbp?
Disjunction cub c*Tubp?
Existential restriction Ir.C {a® € AT | BT € O7F, (aT,bF) € T}
Universal restriction vr.C  {a® € AT | Vb7, (aT,b7F) € rT = b € T}
Q
At least restriction >nr.C {aT € AT |
{67 € CT | (a7 ,b7) € rT}| > n}
At most restriction <nr.C {aTf € AT |
1{* € C7 | (a®,b7) € rT}| <}
(D)

df Cc AT xD
v {aT € AT | (aF,v) € d¥}
v {aT € AT | Jw € D, (¥, w) € d¥ Aw < v}
v {a® € AT | 3w € D, (aF,w) € d¥ Aw > v}

Concrete role d
Exact value restriction d
Max restriction d
Min restriction d

3.1 Description Logic Knowledge Bases

We denote by N the set of atomic concepts. Similarly, N; and Ny denote the set
of individuals and roles, respectively. A TBox T contains General Concept Inclusions
(GClIs) of the form C' C D, where C, D are concepts (also known as class expressions).
An ABox A includes the assertions having the form C(a) (concept assertion) or 7(a, b)
(role assertion), for individuals a, b, concept C, and role r. A DL knowledge base is a
pair I = (T, A), for a TBox 7 and ABox A. The vocabulary of a KB K is the set of
all the concept, role and individual names that appear in .

In this paper, we focus on the DL ALCQ(D) [24]. ALC allows basic Boolean
operations on concepts along with existential and universal restrictions, Q extends ALC
by allowing cardinality restrictions, and D allows expressing the data properties. The
syntax and semantics for concepts in ALCQ are given in Table[T}

Let C C D be a GCI, and Z be an interpretation. Then, Z satisfies C' C D, denoted
asZ = C C Diff C* C DT, Similarly, Z satisfies an assertion C(a) iff aZ € CZ. The
assertion r(a, b) is satisfied by Z iff (aZ,b%) € rL.

We next introduce the Class Expression Learning (CEL) problem over a DL KB.

Definition 1. Let K be a DL KB and E+, E~ C Nj be sets of positive and negative
individuals, respectively, such that ET N E~ = (. The CEL problem is to find a DL
class expression H such that:

Vpe EY:KEH(p) and Vne€ E™: K= H(n). (1)
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3.2 Decentralized Partially Observable Markov Decision Process
To present CEL as a planning task, we require the following terminology.

Definition 2. A decentralized partially observable Markov decision process (short,
Dec-POMDRP) is a tuple M = (N,S,A, 2, P,O,R, T, so), where N = {1,...,k}
is the finite set of agents, S is the state space with initial state sq € S. For an agent
i € N, we let A; and (2; denote i’s action space and observation space, respectively.
Then, A = [[;cy Ai and 2 = [],cn 2 represent the joint action and joint obser-
vation space of M, respectively. In other words, a joint action in A takes the form
a = (ay,...,ar) and a joint observation in {2 as o = (01,...,0x). The transition
function P(s' | s,a) specifies the transition probability from state s to s’ under joint
action a € A, and the observation function O(o | s',a) gives the probability of joint
observation o € {2 conditioned on successor state s' and joint action a. The reward
function R : S x A — R assigns a shared immediate reward, and T € N denotes the
planning time horizon.

We next introduce some terminology from the belief function theory. A frame of dis-
cernment © is a finite set of mutually exclusive and exhaustive hypotheses. A mass func-
tion over O is amapping m : 2° — [0, 1] satisfying: m(@) = 0and >_ , o m(A4) = 1.
Notice that a mass function is also known as a basic probability assignment (BPA). For
a mass function m on a frame of discernment O, the associated belief function is the
mapping Bel : 2 — [0, 1] defined as Bel(A) = Y 5 4, m(B) for each A C O, and
satisfies Bel(@) = 0 as well as Bel(©) = 1. Moreover, the associated plausibility
function is the mapping Pl : 2 — [0,1] defined by: PI(A) = > Braxze m(B) for
each A C O. Observe that Bel(A) < PI(A) and PI(A) =1 — Bel(© \ A) holds for
every A C 6.

We recall Dempster’s rule of combination, which merges two independent mass
functions into a joint mass function, and the pignistic probability transform, which con-
verts a mass function into a probability distribution.

Definition 3 (Dempster’s Rule of Combination). Ler m and mso be two independent
mass functions on a frame of discernment ©. Their Dempster combination m = mi ®
my is defined by

1
m(C) = > mi(A)ma(B), )
A,BCO
ANB=C
where K < 1 is the so-called conflict coefficient, and specified as follows:
K= Y m(A)my(B). 3)
A,BCO
ANB=2

Definition 4 (Pignistic Probability Transform). Let m be a mass function on ©. The
pignistic probability transform associated with m is the mapping PPT : © — [0,1]
defined, for each x € O, by

PPT(x Z ‘A| 1_ A0 = (@) )
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4 Our Class Expression Learning Approach: LYRA

We formulate the CEL problem as a sequential planning task, where DRL agents iter-
atively construct a class expression by selecting concepts from the vocabulary of the
knowledge base KC. To ensure ontology awareness, we model this process as a Dec-
POMDP (cf. Definition [2). We next outline the environment design and our novel BFT
policy network that predicts a distribution of actions used to update the class expression
being generated. Throughout this section, we provide running examples to highlight the
functioning of LYRA (e.g., see Figure[I]and Figure [3).

4.1 Class Expression Learning as a Dec-POMDP

Let E*, E~ be a learning problem over a KB K. In the generation or optimization of
class expressions, each step involves one or more of the following action categories,
depending on the agents’ decisions: Adding (1) a concept, (2) an object property, (3)
a data property, (4) cardinality constraints, (5) a set operator, or (6) a quantifier op-
erator. The structure of the resulting expression is determined solely by the KB and
the specific modifications applied. We next outline individual components of CEL as a
Dec-POMDP. Throughout this discussion, we assume K as our KB in the CEL instance.

Agents (N): LYRA consists of two agents that share a common feature extractor
neural network part for stable learning. Additionally, each agent ¢ € {1,2} has in-
dependent decision-making neural network heads acting as a policy network 7; .. The
necessity of multi-agents arises due to our reliance on the DS rule in Equation (2) which
requires evidence sources to be independent. The DS rule is applied to combine the de-
cisions (beliefs) of individual agents. If the combined beliefs are a singleton, agents
perform this joint action, and otherwise, we perform an intermediate step of transform-
ing the masses using Equation ] This transformation is necessary to obtain standard
probability distribution over singleton hypotheses for training neural networks. LYRA
uses two agents for the sake of simplicity and ease of notation. However, since the DS
rule is associative and commutative, the proposed framework can be readily extended
to n agents through iterative pairwise combination, i.e., m = m; ® mo G - - - B My,
Although additional agents can be incorporated, doing so would unnecessarily increase
the computational complexity.

State space (S): We represent S as a set of pairs ((,t), where  is a valid class
expression over the vocabulary of K and ¢ denotes the number of steps taken to reach (.
The termination (goal) state is specified as either when a predefined parameter maz;, is
reached or the best predicted action is stop. We will later specify both max; and stop.

Initial state (sg): The initial expression is generated by a one-hop random walk.
Beginning with a positive example p € E™, we randomly include ABox assertions
involving p as a subject (i.e., concept assertions as well as direct object and data prop-
erties) and then terminate the walk.

Action space (A): Actions by both agents are taken according to their policy ; 4
for i € {1, 2}. The generation or optimization of an expression ( is seen as a sequential
decision process, each step involving one or more of the following actions:
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1. Concept addition: Agents define a concept from those available over the given KB
K. The agents also select a set operator simultaneously (i.e., I or L) to combine
the new concept with the existing one.

2. Object property addition: Agents can also associate an object property with the
current expression ¢ using a quantifier operator (3,V, <, >), which is selected by
the agents in parallel. Then, a learned cardinality is added simultaneously if agents
choose a cardinality restriction.

3. Data property addition: Agents can include a data property and join it with ¢ using
a selected set operator in parallel as follows. (1) Numeric data are included follow-
ing [8] by deciding on the split value such that it maximizes the information gain.
(2) Other types of data (e.g., Boolean, String, or Geospatial), the value found in the
sampled individual from the positive example p € EV is added.

4. Stopping generation process: Agents can choose to terminate the episode upon de-
termining that the target expression length has been achieved. This is determined by
stop action flag. This action helps to predict the expression length that has proven
to be beneficial in CEL [10].

Formally, the action space A for the agent i € {1,2} is defined as a pair A; =
(AMCE ABPAY where AMC is a finite set of all possible, mutually exclusive hypothe-
ses, and ABF4 denotes the set of belief degrees over all subsets of AM¢. In the CEL
context, hypotheses in AM¢ correspond to the elements in the vocabulary of K (e.g.,
sets of concepts and operators), as demonstrated in the following example.

Example 1 (Construction of Mass Functions). We illustrate the multi-categorical ac-
tion distribution (AM¢) for agent 1. Assume that the knowledge base contains only
two atomic classes, namely {Molecule, Bond}, such that the frame of discernment
is given by © = {Molecule, Bond}. The associated power set is therefore 2 =
{0, {Molecule}, {Bond}, {Molecule, Bond}}. Subsequently, the action AP"4 for agent
1 assigns BPA to each subset of 2€ as summarized in Figure Observe that m(@) =0
and ) 4o m(A) = 1 as discussed in the background section. A small mass assigned
to the full frame, i.e., m(©) = 0.15, indicates a low degree of epistemic ignorance of
the agent, who commits most of its belief to more specific hypotheses rather than to the
entire frame of discernment.

As Example (1] illustrates, the power set for a frame of discernment can be large
and thus problematic for KBs with large vocabularies. In ALC Q(D), we can divide the
candidate elements in a frame of discernment into five distinct classes: concepts, roles,
set operators, quantifier restrictions, and data type properties. Naturally, our DL admits
only three set operators (I, L, =) and four restrictions (3,V, <, >). Thus, the size of the
frame of discernment is mainly determined by the number of concepts, roles and data
properties in the vocabulary. To mitigate the aforementioned issue, each agent selects
only a subset of each vocabulary class at a given time step containing only k£ elements
of these three problematic classes. Subsequently, by training the neural network param-
eters, the agent learns the best part of the vocabulary to be selected at each time step
conditioned on the current class expression.

To illustrate the validity of the sampling mechanism, we define focal elements (FE)
with respect to an agent as the set of vocabulary elements that are assigned non-zero
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Frame of discernment ©
Molecule Bond

Molecule Bond Molecule Bond

m=0 m = 0.55 m=0.3 m=0.15

Basic belief assignment

Fig. 1: Tllustration of an agent’s mass func- Fig.2: Combination of masses after sam-
tion (see Example [T). Green boxes are pling four atomic concepts from the vocab-
hypotheses obtained from A} and red ulary (see ExampleE[).

boxes are BPAs obtained from APFPA,

value under the mass function m by that agent. Then, the core C's(m) is defined as the
union of all the sets in FE(m) for the mass function m of the agent:

Cim)= |J 4 (5)

A€FE(m)

The sampling mechanism is valid iff the cores of the agent’s mass functions have a non-
empty intersection. In our setting with two agents, this yields C's(mq) N Cf(ma) # 0,
where m; is the mass function for agent i € {1,2}.

Example 2. Consider © = {Molecule, Atom, Bond, Ring} as our frame. Let agent 1’s
BPA be m; where m;({Molecule}) = 0.7, and m;({Molecule, Bond}) = 0.3. The
corresponding FEs for agent 1 thus contains two sets: A; = {Molecule} and A; =
{Molecule, Bond}. In particular, agent 1’s belief in the remaining hypotheses in 2€ is
zero. Now, consider the agent 2’s BPA () such that mo({ Atom, Molecule, Bond}) =
0.6 and my(©@) = 0.4, with corresponding FEs: B; = {Atom, Molecule, Bond} and
Bs; = 6. Since their cores overlap, the corresponding masses can be combined using
the DS rule of Equation 2] (with the value of K calculated to be 0 using Equation [3).
This yields m({Molecule}) = 0.7 x 0.6 + 0.7 x 0.4 = 0.70, m({Bond}) = 0, and
m({Molecule, Bond}) = 0.3 x 0.6 + 0.3 x 0.4 = 0.30. Consequently, the best action
at this step is to choose and add the concept “Molecule”. For illustration, see Figure 2]

Joint observations (£2): For agent i € {1, 2}, we define its partial observation as:
2; = (ST;(¢),t) where ST; : ( — R? is the class expression encoder. We used a
pretrained Sentence-BERT for semantic-aware encoding of the class expression.

State transition function (P): At each time step, the joint action a’ = (ay, az) of
both agents guides a transition from the current state s* to s'*!. This transition function
for the agent i € {1,2} is governed by their policy network 7; ;.

Immediate rewards (R): The reward function is designed to encourage the agents’
collaboration. Also, CEL can be considered as a multi-objective optimization problem.
For example, minimizing expression length while maximizing F'1 score and ensuring
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expression validity. For each time step ¢, R; is defined as:

1
Rt(st,at):F1+f, (6)
where F'1 is the harmonic mean of precision and recall and L. is the length of the
expression (. The F'1 metric is selected due to the critical need for balanced precision
and recall in high-stakes application domains.

4.2 Integration of Belief Function Theory

We argue that the integration of BFT significantly enhances the expressiveness of agent
actions and supports ambiguity-averse strategies, which are particularly advantageous
in partially observable environments. Incorporating BFT into the MADRL yields the
following key improvements:

Agents decision-making under epistemic uncertainty. BFT generalizes Bayesian prob-
ability by allowing mass on sets of hypotheses rather than forcing a point-probability
on each singleton. For instance, suppose an agent’s mass function over the binary frame
{A,-A} is: m(A) = 0.8, m(—A) = 0.1. In BFT, the belief in a hypothesis and its
negation do not necessarily sum to 1, as there might be mass assigned to the frame of
discernment © which represents ignorance. In this case m(©@) = 0.1, it means that
agent has at least an 80% justified confidence that hypothesis A is true, based on the
evidence it committed. Nevertheless, confidence could rise up to 90%.

Agents conflicting policies. Conflicting policies arise when agents’ individual optimal
strategies lead to suboptimal or even negative outcomes for the overall system or other
agents. This can happen because agents might pursue conflicting goals, lack coordi-
nation, or misinterpret each other’s actions. BFT offers a rich family of fusion rules
to handle conflict, each inducing different agent-level behaviors. For example, Demp-
ster’s [26] rule normalizes away all conflicting mass, which biases agents to abandon
conflicting proposals. Yager’s rule [31] reallocates conflict mass onto the whole frame
of discernment, effectively increasing collective ignorance and encouraging exploration
under high disagreement.

Opaque decision-making in policy networks. Diagnosing failures in black-box pol-
icy networks is challenging: softmax logits over categorical actions do not distinguish
whether a choice reflects strong supporting evidence, conflicting cues, or genuine un-
certainty, hence offering limited interpretability. In contrast, the BFT framework pro-
vides several diagnostic signals. For example, the width of the uncertainty interval:
[Bel(A), PI(A)] quantifies epistemic uncertainty about the hypothesis A. A large inter-
val indicates that the agent’s evidence neither confirms nor falsifies A. Another example
would be measuring the conflict (Equation[3)). A higher conflict can indicate an error in
the communication among agents.

Example 3 (Belief and Plausibility gap). Consider the hypothesis {Molecule} from Ex-
ample[1] We calculate its belief (see Sec[3.2) as Bel({Molecule}) = m({Molecule}) =
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0.55, and plausibility as PI({Molecule}) = m({Molecule}) + m(©) = 0.55+ 0.15 =
0.7. Hence, the uncertainty interval associated with this hypothesis is: [Bel({Molecule}),
Pl({Molecule})] = [0.55,0.7].

As Example [3] highlights, the uncertainty gap provides an additional layer of inter-
pretability regarding the system’s confidence in its reasoning process. A smaller gap
indicates improved certainty and stronger convergence of the system’s understanding,
whereas a larger gap reflects greater epistemic uncertainty.

Integrating BFT into MADRL Agents The integration requires modifications to cer-
tain foundational definitions. The necessary adaptations are outlined below.

Beliefs combination. This step is crucial for making the final decision. Agents aggregate
their information to determine the best action to take for generating . After each agent
successfully constructs its own mass function per each dimension, all masses are then
unified in one piece of evidence using the combination rule from Equation [2]

Since the problem of generating DL class expression is formulated as a planning
task under the MADRL framework, calculating the trajectory of optimal actions is our
core research objective. However, the existing MADRL algorithms are not compatible
with BFT framework. Hence, we formulate our algorithm that is derived from the Multi-
Agent Proximal Policy Optimization (MAPPO) [34]] algorithm. Our algorithm consists
of two distinct neural networks, corresponding to agents ¢ € {1,2}. The policy net-
work 7; 0 2 — 29 x [0, 1] maps agent i’s observations at each time-step # to a pair
consisting of (i) a multi-categorical distribution, producing AlM ¢ and (ii) the mean and
standard deviation for ABF 4 In our policy, ABP 4 must be conditioned and depen-
dent on AMC. To achieve this, we implemented a simple trick of gradient flow during
training as follows:

i = (Mc(s', AMC), NL(APFA; 1y (s", A ), oy (s, AMCY))

where M ¢ is the multicategorical, and N7, is the logistic normal distribution. The critic
network V;; : £2; — R maps agent ¢’s observation state to a scalar estimate of expected
cumulative discounted return: Vi (so) =~ E[Y.,2v'rf|so]. We use v = 0.9 to discount
rewards over time for balancing between immediate feedback and long-term return es-
timation. The objective of m;  is to maximize: L(¢)) = E(st qt)mr, ,, [f/lfrw (st,al)],
where 7 is the ratio of the new policy over the old policy, which is denoted by:

@)

flﬁr . is the relative value of an action compared to the expected value at time step ¢,
formally calculated using the General Advantage Estimation (GAE) [25] as Aﬁri.w =
>co (’y)\)léﬁ ;- 7 is the discount value, A is a smoothing parameter for variance reduc-
tion, and &; = R(s*,a’) +yV(s'T1) — V(s'). The policy objective is different from
the traditional PPO algorithm in many aspects. Policy of PPO is a purely probabilistic
function that outputs a single point of probability, and it uses a clipping function directly
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©.__ {{Molecule}{Bond},
mi(Concepts)s = {Molecule, Bond},..}
Cenemy 8P {01,0.2,015,..}

{Molecule, Bond, .}  e—

.
L4
Object properties: .
et _‘%f— G O {iectiond
d P {0.2,03,05} miencepte)s : a
(Data propenies:) — hAgent BPAcs  {0.2,04,035,..}
LOGP, valence, .
— : (®
.
Setoperators: _{ Tt‘l/ t .
{un -} ©...... {{Molecule},{Bond}, Qo (G- {3xvi{3. vi
fEm— P § m2(Concepts):| {Molecule, Bond},..} = BPAsin {032,019, 048}
(:ysre:} rietions: 4 j BPA...  {02,03,019, ..}
2 Agent : | (E)
Quantifier restrictions: 5
</ ° Highest
[EAT) (B) (o) ) i
o USRS, VI [ )
(A) BPAomsews  {05,0.2,03} Yes No
( C) Return xe A Return arg max PPT(x)
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Fig. 3: An architecture overview of LYRA on the running example from the NCTRER
dataset. (A) denotes the extraction of vocabulary from the KB. (B) describes agents’
sampling from this vocabulary pool to construct a frame of discernment @ and assign
beliefs for each subset of ©. (C) shows the mass function, defined for each set of vocab-
ularies for each agent. (D) describes the combination of mass functions using DS rule
(Equation[2). (E) denotes returning the hypothesis with maximum beliefs if the subset
s, is singleton; otherwise, PPT is applied on singleton subsets (Equation[d). Finally, (F)
joins the selected elements (i.e., concepts, data properties, etc.) to the current expres-
sion. Steps from (B) to (E) are repeated until a termination criterion is met.

on the gradients. This results in zero gradients when 7 in Equation [/| falls outside the
clipping range, which leads to the exclusion of those samples from training, resulting
in a loss of information. However, despite its empirical effectiveness, it remains a con-
ceptual limitation in PPO. Nevertheless, clipping gradients in the BFT framework can
lead to severe problems. For example, removing the clipping function ensures that every
piece of evidence is fully integrated into the mass update. This is crucial for the effi-
ciency of combining beliefs (Equation 2). Finally, we incorporated the entropy in our
objective function to prevent premature convergence. We use Nguyen’s entropy [21],
which is determined by Hy = — >~ 4o m(A)logz(m(A)), and LYRA’s policy objec-
tive function is then defined by:

L(l/f) = E(st,aﬁ)Nﬂi,w[rAiriyw (Staag) +IHN} (3)
Incorporating Nguyen’s entropy into the policy objective encourages agents for suffi-
cient exploration. By penalizing beliefs that are either overly confident (low entropy)
or excessively vague (high entropy), it effectively mitigates premature convergence
and fosters robust exploration in the presence of ambiguity. Let G; = ZtT:o yirt
be the total discounted reward. The critic network objective in our approach is de-
fined simply by the mean squared error between critic prediction and the return (i.e.,
L(¢) = E[(Vs(st) — Ge)?].
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Table 2: Overview of the benchmark datasets.

Dataset Ny Axioms Ne Po Pp
DBPedia 4.23M+ 850 M+ 768+ 1K+ 1.7K+
Carcinogenesis 22,372 74,566 142 4 15
Animals 20 138 39 2 1
Hepatitis 6,812 79,935 14 5 12
Mammographic 975 6,808 19 3 4
Mutagenesis 14,145 62,066 86 5 6
NCTRER 10,209 103,070 37 9 5
Suramin 2,979 13,506 46 3 1

5 Experimental Evaluation

We conducted experiments on eight datasets with five different random seeds for each
dataset (resulting in a total of 40 experiments). We are aiming to answer the following
research questions:

(21: Can LYRA outperform state-of-the-art approaches in efficiency and generating
shorter class expressions while achieving a higher F'1 score?

(2: Does LYRA enhance interpretability in the decision-making process?

Q®3: Does BFT enhance the capabilities of DRL agents in the CEL setting?

5.1 Experiment setup

Implementation details. We used the PettingZoo [27] framework to implement the logic
of our Dec-POMDP. Moreover, the action and observation spaces for each agent were
represented using Gymnasium [28]].

Datasets. For our experimental evaluation, we use datasets from the SML-Bench [30],
which provides a diverse collection of real-world datasets primarily focused on biomed-
ical and molecular prediction tasks (see Table [2). For example, the Carcinogenesis
dataset predicts the carcinogenic potential of chemical compounds. The Animals dataset
is used to classify different types of animals. The Hepatitis dataset is used to classify
hepatitis types based on patients’ clinical data, while the Mammographic dataset as-
sesses the severity of breast cancer from screening results. The Mutagenesis dataset
predicts the mutagenic properties of molecular structures. The NCTRER dataset eval-
uates estrogen receptor binding activity of molecules, and the Suramin dataset iden-
tifies predictive descriptors for suramin analogues in cancer treatment. Additionally,
we evaluate LYRA on DBpedia [18]] a large-scale, general-purpose KG extracted from
Wikipedia. DBpedia is the largest dataset used in our evaluation.

Hardware and software. All experiments were conducted on a server with AMD EPYC
7543P 32-Core Processor, 503.5GB RAM, running on Debian 12.10, Python 3.12.7, Py-
torch 2.7.0, and random seeds for each running trial in experiments for reproducibility.
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Baselines. We compare LYRA with the following state-of-the-art approaches: (I.) Ev-
OLEARNER [{8] uses a bottom-up approach and integrates random walks with evolution-
ary algorithms. (Il.) DRILL [6] is a DRL-based approach that utilizes DQN and down-
ward refinement operator. (III.) CELOE [16] is a heuristic-driven refinement operator
based approach that iteratively specializes candidate concepts starting from the most
general expression—using the Fl-measure to guide the search. These baselines were
chosen to represent distinct approaches, with one best performing candidate selected
from each paradigm to ensure a diverse, robust, and fair evaluation. All approaches
have the same DL expressiveness provided by their implementation in Ontolearn [3]].

5.2 Q;: LYRA’s efficiency

For addressing (1, we validated the effectiveness of our approach of generating class
expressions with higher F'1 scores and shorter lengths, assisting easier interpretation by
domain experts. Our reward function (Equation|[6), assisted in this multi-objective opti-
mization. These experiments show significant consistency and scalability in LYRA’s
generated expressions across KBs of varying sizes. Experiments were conducted 5
times for each model with predefined random seeds to ensure reproducibility across
trials. The average F'1 and concept length are recorded in Table |3} Moreover, each
attribute in our approach is learnable. For instance, unlike EVOLEARNER, which ran-
domly selects cardinality within a predefined range, LYRA learns the optimal cardinality
directly from experience. In general, approaches based on DRL often outperform those
based on Evolutionary Algorithms (EA) by using feedback from both successful and
unsuccessful experiences, whereas EA relies solely on the fittest outcomes. LYRA out-
performs the state-of-the-art on 7 out of 8§ benchmark datasets across all experiments
and matches the performance of the best-performing methods on the remaining single
dataset, thereby providing a clear answer to ().

Statistical Hypothesis Testing. To evaluate whether the performance differences among
LYRA and the baseline approaches were statistically significant, we performed pairwise
one-sided Wilcoxon signed-rank tests using the best F1-score obtained in each of the in-
dependent runs with different random seeds. The pairing was based on identical random
seeds applied across all models. All p-values were adjusted using the Holm correction
for multiple comparisons at o = 0.05. For each pairwise comparison, the null hypoth-
esis Hy states that there is no difference in F1-score performance between LYRA and
the corresponding baseline approach, while the alternative hypothesis H; states that
LYRA achieves a higher Fl-score than the baseline. Results demonstrated that LYRA
significantly outperformed all baseline approaches. In seven out of eight cases, Hy was
rejected at the 5% significance level, confirming that the superior performance of LYRA
over all competing baselines is statistically significant.

Complexity. LYRA samples candidate vocabulary using a combination of policy net-
works at each time step as demonstrated in our running example (Figure [3). This sam-
pling approach makes LYRA independent of the KB size and renders it dependent on
the vocabulary size alone. This implies a linear computational complexity in the size of
the vocabulary in the KB, thus making LYRA significantly scalable compared to other
approaches.
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Table 3: Comparison of F1 score and concept length across datasets. 1 indicates a run-
time error encountered when using the official implementation. LYRA’s objective is to
find the concept with the highest F1 score with the shortest possible length. Perfor-
mance and concept length results are reported as mean values over five random seeds,
with standard deviations indicated after the &+ symbol.

Performance Concept Length
Dataset LYRA EvoLearner Drill CELOE LYRA EvoLearner Drill CELOE
DBPedia 0.98 + 0.0 ¥ 0.85+0.0 o 8.0+4.5 o 1.0+0.0 o

NCTRER 0.97+0.01 1.00+£0 0.45+0.1 0.80£0.0 5.0&1.5 8.5£4.5 1.0+£0.0 3.0£0.0
Mutagenesis 1.004+0.0  1.00£0.0 0.4540.0 0.45+0.0 5.33 £0.47 3.00+£0.0 1.0+0.0 1.0+ 0.0
Suramin 0.67+0.02 0.60£0.1 0.56+0 0.55+0.0 40+£1.63 6%15 1.0+0.01.0+£00
Hepatitis 0.66+0.0 0.53+0.1 0.56£0 0.58+0.0 3.0£0.0 3.67+0.47 1.0£0.01.0£0.0
Carcinogenesis  0.72+£0.2  0.69+0  0.70+0 0.70£0.0 4.0+0.0 554047 1.0+0.01.0£0.0
Mammographic 0.78+£0.0 0.724+0.05 0.63+0 0.63£0.0 3.0+0.0 3.0£00 1.0+0.01.0£0.0
Animals 1.00+0.0 i 0.80+0.0 0.80£0.0 1.0£1.0 k3 1.0£0.0 1.0+0.0

Limitations. LYRA offers the advantage of generating creative class expressions inde-
pendently of the knowledge base size. However, the sampling process requires an initial
exploration period before producing meaningful expressions. Its convergence rate fol-
lows stochastic policy gradient methods, with complexity O(1/ V/T), where T denotes
the total number of training steps [[19]. An early stopping criterion can be introduced
once domain-satisfactory class expressions are obtained, for example if the concept
reaches a desirable F1 score.

5.3 Q2: LYRA’s additional layer of interpretability

BFT framework provides further tools for understanding the agents decision-making
process. For example, monitoring the belief interval of the agents (i.e. [Bel(A), PI(A)]),
provides more indications of epistemic uncertainty regarding the hypothesis A. A nar-
row interval with low values for belief and plausibility gap (i.e., Bel(A) ~ PI(A))
can be interpreted as the agents having strong evidence for the hypothesis A, effec-
tively indicating a consensus that the optimal action does not lie within A. In contrast,
probabilistic agents lacking such interval semantics would merely reflect low probabil-
ity for A, which is ambiguous—it conflates active rejection with lack of evidence. We
have tracked the belief interval for all experiments (Figure d). The results demonstrate
a significant contraction of the belief interval, indicating reduced epistemic uncertainty.
This reflects belief convergence under accumulating evidence and suggests enhanced
decision stability in Dec-POMDP. Belief intervals offer a quantitative description of
uncertainty to the agents. This is useful in interpreting how the entire system behaves
and reveals how much the system was successful in modeling the uncertainty. Thus,
Q- is answered affirmatively, as LYRA improves interpretability by explicitly modeling
epistemic uncertainty.
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—— With BFT
—— Without BFT

Average return

Smoothed average (PI-BL) gap

0.0

Steps Steps

Fig.4: Aggregated belief intervals across  Fig.5: Overview of averaged cumulative
all experiments indicating the overall per-  rewards for LYRA with and without BFT
formance. across five different random seeds.

5.4 Qj3: Ablation Study

To address ()3, we assess the contribution of BFT to DRL-based planning under high
rates of missing information through a controlled ablation study. In particular, we per-
form CEL using two variants: (1) a BFT-enhanced DRL agent, and (2) a PPO agent. We
kept the network architectures the same for both variants. Noise and incomplete infor-
mation are relevant problems in CEL; for example, DBPedia|18] has 68% of missing
information about the place of birth property. The BFT-enhanced model consistently
outperforms other ablated variant, which empirically confirms that the BFT component
contributes positively to overall performance, thus answering Q3. Results for all KBs
and five different random seeds are summarized in Figure 5]

6 Conclusion and Future Work

We develop LYRA by integrating BFT with a modified version of a multi-agent ver-
sion of PPO. An evaluation of experiments on eight datasets with five different random
seeds reveals that our approach achieves higher or comparable performance when com-
pared to the state of the art. Furthermore, we provide additional tools to understand
the decision-making process for interpretability and model debugging. Interestingly,
our approach generates novel expressions, as it is not limited to local logical com-
ponents such as searching-based approaches or to training datasets as in neural-based
approaches. Future work will investigate the effect of combination rules on the agents’
behavior. Moreover, we aim to extend LYRA to support more expressive DLs and to
investigate additional models of uncertainty-aware policies for CEL.
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